We study oxygen K-edge x-ray absorption spectroscopy (XAS) and investigate the validity of the Zhang-Rice singlet (ZRS) picture in overdoped cuprate superconductors. Using large-scale exact diagonalization of the three-orbital Hubbard model, we observe the effect of strong correlations manifesting in a dynamical spectral weight transfer from the upper Hubbard band to the ZRS band. The quantitative agreement between theory and experiment highlights an additional spectral weight reshuffling due to core-hole interaction. Our results confirm the important correlated nature of the cuprates and elucidate the changing orbital character of the low-energy quasi-particles, but also demonstrate the continued relevance of the ZRS even in the overdoped region.
I. INTRODUCTION
Unraveling the nature of low-energy quasi-particles in cuprate superconductors is crucial to understanding their unconventional superconducting mechanism. Despite two decades of studies, however, the minimal model for describing the quasi-particle band which emerges upon doping remains unclear. Previous theoretical work has focused on the single-band Hubbard model 1 or the t − J model obtained by projecting out doubly-occupied charge configurations. 2, 3 In these down-folded Hamiltonians, the fundamental quasi-particle has been assigned to the socalled Zhang-Rice singlet (ZRS):
3,4 a locally bound d The relevance of the ZRS in cuprate materials is supported by various spectroscopies: spin-resolved photoemission confirms the singlet character of the first ionization state, 5 and other probes show that doped holes in undoped or lightly-doped cuprates reside primarily on oxygens. [6] [7] [8] [9] The doping evolution of oxygen content has been studied extensively by core-level x-ray absorption spectroscopy (XAS). [10] [11] [12] In the insulating parent compounds, early oxygen K-edge XAS experiments (oxygen core-electron 1s → 2p transition) show that below the main absorption edge a single "pre-peak" exists near 530 eV, 10 attributed to excitations into the upper Hubbard band (UHB). This nonzero projection of the UHB onto the oxygen XAS spectra mainly results from a strong hybridization between copper and oxygen, and the mixing of d 9 and d 10 L character in the ground state. Upon hole-doping, a lower-energy (d 9 L) peak emerges near 528.5 eV and grows linearly with hole concentration, while the intensity of the higher-energy UHB decreases. Polarized x-ray studies indicate that the lowerenergy peak in the underdoped regime shows almost no oxygen 2p z content, but is dominated by planar oxygen 2p x,y contributions, 11, 12 lending further credence to the ZRS picture.
However, recent measurements report that while the low-energy ZRS weight increases linearly with doping over a wide doping range, it deviates from a linear trend and exhibits a weak doping dependence beyond ∼ 20%. 13, 14 It was suggested that this "anomalous" behavior implies the inapplicability of the single-band Hubbard model and a breakdown of the ZRS picture.
14 But cluster dynamical mean-field theory (DMFT) calculations argue that the single-band Hubbard model could explain the experimental finding, by showing a change in slope with doping of the integrated unoccupied density of states (DOS) beyond a certain doping level. 15 On the other hand, calculations for the more sophisticated threeorbital (copper-oxygen) Hubbard model with single-site DMFT find that the low-energy weight in the oxygenprojected DOS simply increases linearly with doping; the result contrasts with experiment and challenges even the validity of the three-orbital model. 16 Currently, the debate continues and questions remain. [14] [15] [16] [17] [18] [19] Can oxygen K-edge XAS be fully described by the Hubbard models? Are these model Hamiltonians and the ZRS picture suitable for the cuprates in the overdoped region?
In this work, we investigate these questions by tracking the doping evolution of photoemission and oxygen K-edge XAS spectra in the three-orbital Hubbard model. Using large-scale exact diagonalization, we treat manybody correlations exactly and include the effect of corehole interaction explicitly, which is essential in the proper evaluation of the XAS cross sections. Our calculations reproduce the experimental data in a quantitative way and explain the crossover or apparent saturation in ZRS intensity in the overdoped regime, highlighting the dynamical spectral weight transfer from the UHB to the ZRS band expected for strongly correlated systems. The slope of the ZRS weight versus doping further decreases due to the presence of core-hole interaction. These results confirm the correlated, multi-orbital nature of the low-energy quasi-particles in the cuprates, but also indicate that the ZRS picture may indeed survive to high doping levels, albeit with an evolving orbital character.
II. METHODS
We consider the three-orbital Hubbard model on a square lattice of planar CuO 2 plaquettes containing copper 3d x 2 −y 2 and oxygen 2p x,y orbitals: 22, 23 The third and fourth terms are the copper and oxygen site energies, and the last two terms are the on-site Hubbard interactions on copper and oxygen, respectively. We use the following parameters (in units of eV): ǫ p − ǫ d = 3.23; U d = 8.5, U p = 4.1; |t pd | = 1.13, |t pp | = 0.49. These parameters have been employed to study the cuprate material La 2 CuO 4 and produce various spectral features in good agreement with experiment.
24,25
Using exact diagonalization for a Cu 8 O 16 cluster with periodic boundary conditions [ Fig. 1(b) ], we obtain the ground state and calculate the photoemission and XAS cross sections for four doping levels: 0% (undoped), 12.5% (underdoped), 25% (overdoped), and 37.5% (heavily overdoped). To calculate the spectral functions, we exploit translational symmetries of the problem and diagonalize the Hamiltonian matrices in momentum space. For oxygen K-edge XAS, the presence of local core-hole interaction breaks translational symmetry, and we perform the calculations in real space with a larger matrix size. The largest Hilbert space considered in this work contains ∼ 5.7 × 10 9 basis states.
26

III. RESULTS AND DISCUSSION
A. Spectral Functions and Photoemission Spectra
Oxygen K-edge XAS promotes 1s electrons into empty 2p states [ Fig. 1(c) ], and the resulting spectrum is related to the unoccupied oxygen projected-DOS measured in inverse photoemission spectroscopy (IPES). To capture the doping evolution of electronic structures, we first discuss the orbitally-resolved spectral functions in Fig. 2 , where energy zero is defined by the valence-electron groundstate energy at the corresponding filling. At 0% doping [ Fig. 2(a) ], the spectra show an indirect gap of size ∼1.5 eV, related to charge-transfer excitation of moving a hole from copper to oxygen. 28 Without doping, the first electron removal state appears at (π/2, π/2), while the first electron addition state occurs at (π, 0). This indirect gap and its size are consistent with angle-resolved photoemission (ARPES) experiments. 29 In an indirect gap system, optical conductivity measurements would obtain a gap larger than the actual band gap, as no net momentum is transferred in the process. We find an optical gap ∼ 1.7 eV, also in agreement with the observed gaps (1.5-2.0 eV) in insulating cuprate parent compounds.
30-33
Upon hole-doping, low-energy peaks above the Fermi level emerge especially at momentum points along the magnetic Brillouin zone boundary. This emergent band [near zero energy in Figs. 2(b) and 2(c)] consisting of both copper and oxygen are associated with the ZRS; its orbital composition, spectral intensity, and energy position show strong momentum-dependence. In particular, the ZRS band contains vanishing oxygen weight at the Γ point, due to a cancellation in the phase factor of the ZRS wavefunction, [34] [35] [36] which is well-defined only away from the Γ point. This is not captured in the single-band model and stresses the need for considering the multiorbital nature in describing the ZRS doping evolution at a quantitative level.
On the occupied side [solid lines in Fig. 2] , the spectral features at (π, 0) and (π/2, π/2) show distinct doping dependences: While the weight of the highest occupied state at (π/2, π/2) gradually decreases upon hole-doping, the intensity increases for the highest occupied state at (π, 0). Moreover, the first electron removal state changes from momentum (π/2, π/2) in the underdoped region to (π, 0) on the overdoped side, 37,38 reminiscent of the observations from ARPES. 39 This doping dependence cannot be accounted for by a simple chemical-potential shift in a rigid-band model, but is a manifestation of spectral weight redistribution due to correlation effects.
50-52,54,55
The occupied bands between roughly −3 to −5 eV are related to oxygen bands dispersing with t pp 56 and the Zhang-Rice triplet. 57 In real cuprate materials, other orbitals (such as copper 3d 3z 2 −r 2 and non-bonding oxygens) also contribute to the spectral weight in this energy range.
58 Below -6 eV [not shown], we find a highly incoherent band containing mostly copper character, associated with the lower Hubbard band. These bands at deeper binding-energies show a relatively weak doping dependence in the doping range considered in this study.
B. Oxygen K-edge X-ray Absorption Spectra
We next discuss in Fig. 3 the oxygen K-edge XAS calculations, which include an additional oxygen 1s − 2p core-hole interaction ( iσσ ′ U c n 1s iσ n 2p iσ ′ ) with U c = 6 eV. [59] [60] [61] The spectral peaks at 0% doping are closely related to the UHB [near 1-2 eV in Fig. 2] , which upon doping becomes more incoherent and shifts its weight to the lower-energy ZRS band. The energy separation between these two bands increases systematically with (Pellegrin) , and 14 (Peets) . The XAS theory (red circle) is obtained by integrating the yellow shaded area in Fig. 3 . The black circle represents the ZRS weight from the IPES calculation of the unoccupied DOS. Both theory curves are rescaled by normalizing their respective 12.5% ZRS weight to the straight line suggested by experiment, 14 and the ZRS intensity at 0% doping is defined as zero .
doping: the UHB disperses toward higher energy and the ZRS band moves in the opposite direction, in agreement with experiment.
10 Figure 3 also shows the IPES calculations of the oxygen unoccupied DOS. The K-edge XAS lineshape resembles closely that of IPES, because the only core-hole interaction is a monopole term forming a simple charge density attraction due to the isotropic 1s orbital. 62 However, the two spectra still vary quantitatively [ Fig. 4 ].
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In Fig. 4 we compare our theory with oxygen K-edge XAS experiments on La 2−x Sr x CuO 4 (LSCO).
14 LSCO has a relatively simple crystal structure and is suitable for systematic studies of electronic properties over a wide doping range. As shown in Fig. 4 , the experimental ZRS weight increases roughly linearly with doping in the underdoped region. Near optimal doping, the rate of increase changes and exhibits a weaker doping dependence (smaller slope). It was suggested that the ZRS intensity may even saturate on the overdoped side (≥ 20%).
13,14
For comparison, in Fig. 4 we also plot the ZRS weight of the XAS and IPES calculations. We define the ZRS intensity as zero at 0% doping and rescale both theory curves by normalizing their respective 12.5% ZRS weight to the straight line suggested by experiment.
14 Neither calculation shows a saturation, but only a linear increase at low dopings and a change of slope at a higher doping level. This crossover in slope is related to the spectral weight transfer from the UHB to the ZRS band, which can be illustrated by considering the single-band Hubbard model in the atomic limit. [50] [51] [52] 54, 55 On a half-filled N -site lattice, the electron removal spectrum (associated with singly occupied states) and addition spectrum (associated with the unoccupied UHB) both have a spectral weight equal to N . Upon doping x holes, there are N − x singly occupied states, and the UHB weight also becomes N − x. Due to the conserved sum of the occupied and unoccupied states (2N ), the low-energy spectral weight which emerges upon doping x holes is thereby increased by 2x. In contrast, for an uncorrelated system the emergent spectral weight equals x when doped with x holes. We also note that an effective weakening in correlation strength and spectral weight transfer upon doping is absent in the t− J model, which always behaves as a singleband Hubbard model in the atomic limit.
51,53
Although we do not find an apparent saturation of the ZRS weight with doping, our XAS calculation seems to capture well the experimental findings. In particular, the XAS theory curve matches the experimental data within error bars near optimal doping and in the overdoped regime; our theory also predicts the doping dependence of the heavily overdoped (x ∼ 0.35) LSCO sample. Compared with IPES (U c = 0), the core-hole attraction (U c = 6 eV) effectively overcomes the energy cost of double occupancy and shifts roughly an additional ∼ 10% of the UHB weight to lower energies. This effect is more prominent at low doping where a substantial UHB weight still remains, leading to a more pronounced change of slope in ZRS intensity in XAS. The IPES calculations underestimate the low-energy spectral weight at low dopings and overestimate the slope of the ZRS intensity with doping in the overdoped region. We note that Liebsch 17 and also Peets et al. 19 have pointed out the importance of choosing a proper energy integration window for the ZRS band when comparing theory and experiment. Here we use a ∼2 eV energy window whose upper limit changes with doping and resides in the minimum between the centroids of the UHB and the ZRS band (see Fig. 3 ), consistent with experiment.
14,19
As mentioned previously, the doping evolution of the low-energy ZRS spectral weight has also been studied by various theoretical techniques. [15] [16] [17] 52, 53, 64, 65 In particular, single-site DMFT using the three-orbital model shows a linear increase with doping of the lowenergy weight. 16 Cluster DMFT of the single-band model demonstrates a change in slope of the ZRS weight beyond a certain doping level, 15, 17 which resembles the behavior of our calculations for the unoccupied DOS in the threeorbital model. However, the slope on the overdoped side will be overestimated in the single-band case, 15, 52, 54 as there the UHB completely disappears close to 100% hole doping, while in the three-orbital model the d 8 double occupancy stays nonzero. Therefore, if the multi-orbital nature of the problem is neglected, an effective dopingdependent Coulomb repulsion needs to be imposed in the single-band model in order to quantitatively capture the spectral weight transfer in the overdoped region. 53 
IV. CONCLUSION
To summarize, our exact diagonalization calculation of the three-orbital Hubbard model agrees with the XAS experiments at a quantitative level, which relies crucially on the combined effect of correlation-induced spectral weight transfer and an additional spectral weight redistribution due to core-hole interaction. The change of slope in ZRS intensity as a function of doping manifests clearly the presence of strong electronic correlation. We also find a strong doping and momentum dependence of the orbital composition in the ZRS band, which cannot be fully described by the single-band Hubbard model especially in the overdoped region. Our results potentially confirm the continuation of the ZRS picture even in overdoped cuprates. Further measurements would be helpful to illuminate the nature of the emergent low-energy quasi-particles in cuprate superconductors.
